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This paper investigates the variations in dynamic stability of a cracked rotating periodic bladed disk assembly. A

bladed disk composed of periodically shrouded blades is used to simulate the coupled periodic structure. To study

mode localization, a number of apparently identical blades are distributed periodically around a rigid hub. For

simplicity, the rigid hub is considered to be attached to a rigid shaft. Themodal localization equations of the rotating

crackedassembly are formulatedusingHamilton’s principle andGalerkin’smethod.The regions of instability in this

cracked assembly are identified bymeans of themultiple scales perturbationmethod. The numerical results indicate

that the modal localization effect introduced by local blade cracks destabilizes the shrouded blade group. One

additional instability band at the localization frequency is introduced from the local crack. Furthermore, it is shown

that the stability regions of a cracked rotating bladed disk assembly are significantly dependent on the rotational

speed, shroud stiffness, and crack depth.

Nomenclature

A = cross section area of the blade
a = depth of crack
b0 = width at the root of blade
b1 = width at the tip of blade
c. c. = complex conjugate
E = Young’s modulus
Fj = magnitude of the perturbation speed
FM = maximum of components of Fj

f�t� = variation of the rotation speed
ks = shroud stiffness
L = length of the blade
N = total number of blades
Pb = bending moment at crack
p� = centrifugal force
ps
i �t�, qs

i �t� = determined coefficients
Rh = root diameter of the turbodisk
rc = position of the coupled shroud
r� = position of the crack
s = number of blade
t0 = thickness at the root of blade
t1 = thickness at the tip of blade
Uk

s = strain energy stored in the sth shroud
Ue

s , U
�
s = strain energy introduced by the bending moment

and the centrifugal force
us, vs = deflections of the sth blade
u�, v� = deflections of the cracked blade
" = perturbation parameter
�s
i �r� = comparison functions, i� 1; 2; . . .

�i = coefficients
� = Poisson’s ratio
� = pretwist angle of the blade
� = density of the blade
� = rotation speed of the disk
�0 = steady rotational speed
! = exciting frequency
!j = perturbation frequency
!0, !n = reference and natural frequencies

I. Introduction

C RACKS frequently appear in rotating machinery due to
manufacturing flaws or cyclic fatigue during operation. In

turbodisks particularly, numerous cracks can be observed following
severe operating conditions [1,2]. Local structural irregularity, i.e.,
local disorder, caused by cracks on the blade, changes the dynamic
behavior of a bladed disk assembly significantly. A number of
researchers have investigated the modal localization phenomenon in
weakly coupled periodic structures with local structural or material
irregularities [3–8]. Such a phenomenon may in turn localize the
vibration modes, thereby confining the vibration energy at the
localization frequency.

A shrouded bladed disk can be regarded as a periodic system if all
of its blades are assembled periodically. The dynamic behavior of
such a bladed disk assembly has been studied by Cottney and Ewins
[9], whereas the fundamental aspects of dynamic response in
mistuned turbomachinery rotors have been studied by Afolabi et al.
[10–12]. Furthermore, others [13,14] have studied the effect of local
cracks on the mode localization phenomenon in various periodic
systems. In considering the effect of local blade cracks on the
dynamic behaviors of a turbodisk, the present study uses periodically
coupled pretwisted beams to simulate the blades of the turbodisk. For
simplicity, the tapered pretwisted beams are approximated as Euler-
Bernoulli beams, as proposed previously by Rao [15,16]. During
operational service, the rotational speed of a shrouded bladed disk is
subject to slight variation as a result of external disturbance.
Consequently, the parametric instability of a bladed disk assembly
rotating with a nonconstant speed merits investigation. The majority
of stability-orientated studies have been limited to tuned systems
[17–20] within which no local disorder is evident. More recent
articles [21–24] have investigated the stability of a rotating blade
without or with a crack. By contrast, very few studies [25] have
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considered dynamic stability issues in mistuned systems, especially
for systems with cracks.

This study investigates the variation in dynamic stability of a
bladed disk assembly with a cracked blade. Shrouded pretwisted
Euler-Bernoulli beams are used to approximate the blades. The
Galerkin method is employed to derive the discrete modal
localization equation of the mistuned system, whereas the multiple
scales perturbation method is employed to specify the regions of
instability.

II. Equations of Motion

Figure 1a presents a schematic illustration of a periodically
shrouded blade assembly rotating with a speed of�. As inWei et al.
[5,6,25], the present study considers the blade assembly to consist of
a rigid hub of radius Rh and a cyclic assembly of N coupled blades.
Each blade is coupled with its neighbor through a shroud. The length
of the cantilever beam is L and each blade is coupled by the shroud
ring to the adjacent one at a position of rc. Figure 1b shows the
current approximation of an individual blade by means of a tapered
pretwisted beam. The thickness and breadth at the root of the blade
are given by t0 and b0, respectively. The transverse flexible
deflections of the sth blade in the rotational and out-off rotational
planes are denoted by components vs�r; t� and us�r; t�, respectively.
The equations of motion of a blade with and without a local crack are
derived in the sections that follow.

A. Blades Without Crack

From a consideration of bending vibration, the kinetic energy of
the rotating sth blade can be expressed as

Ts �
1

2

Z
L

0

�Af� _us�r; t��2 � � _vs�r; t��2 � ��vs�r; t��2g dr (1)

The cross sectional area of the taper beam at position r is given by

A�r� � b0t0

�
1� �

r

L

��
1 � �

r

L

�
(2)

and the taper angles are

� � b0 � b1

b0

; � � t0 � t1
t0

(3)

The total strain energy of the sth blade comprises three individual
components, i.e.,

Us �Ue
s � U�

s � Uk
s (4)

where Ue
s , U

�
s , and U

k
s are the strain energy components introduced

by the bending deformation, the centrifugal force, and the elastic
deformation of the shroud, respectively. These strain energy
components are defined as

Ue
s �

1

2

Z
L

0

E�Iyy�u00
s �2 � 2Ixy�u00

s ��v00s � � Ixx�v00s �2� dr (5)

U�
s � 1

2

Z
L

0

p���u0
s�2 � �v0s�2� dr (6)

Uk
s �

ks�1

2
�vs�1�rc; t� � vs�rc; t��2 (7)

where p��r� and ks�1 are the centrifugal force and stiffness of the
shroud ring, respectively,E isYoung’smodulus of the blade, and Ixx,
Iyy, and Ixy are the area moments of the pretwisted blade.

The blade is pretwisted with a uniform twist angle of �.
Accordingly, the area moments at position r are given by

Ixx�r� � IXXcos
2

�
r

L
�

�
� IYYsin

2

�
r

L
�

�
(8a)

Iyy�r� � IXXsin
2

�
r

L
�

�
� IYYcos

2

�
r

L
�

�
(8b)

Ixy�r� � �IYY � IXX� sin
�
r

L
�

�
cos

�
r

L
�

�
(8c)

where

IXX � b0t
3
0

12

�
1 � �

r

L

��
1� �

r

L

�
3

(9a)

IYY �
b3
0t0
12

�
1 � �

r

L

�
3
�
1� �

r

L

�
(9b)

In conducting the present stability analysis, the rotational speed
�0 is considered to be perturbed with a small perturbation speed of
f�t�. Hence,

��t� ��0 � f�t� (10)

If the speed�0 is much smaller than the first natural frequency of
the longitudinal vibration of the corresponding stationary beam, the
centrifugal force p� can be approximated as a steady force [19,26],
i.e.,

p� �
Z

L

r

�A�2
0�r� Rh� dr (11)

r

Ω
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L

a) 
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b) 

Fig. 1 Geometry of cyclically arranged bladed disk assembly:
a) geometry of bladed disk assembly, and b) geometry of pretwisted

taper blade.
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From Hamilton’s principle, the equations of motion of the sth
blade can then be expressed as

�A �us � ��2
0

�Z
L

r

A�r� Rh� dr u0
s

�0
� E�Iyyu00

s � Ixyv
00
s �00 � 0

(12a)

�A �vs � ��2
0

�
Avs �

�Z
L

r

A�r� Rh� dr v0s
�0�

� E�Ixxv00s

� Ixyu
00
s �00 � �ks�1 � ks�vs	�r � rc� � ks�1vs�1	�r � rc�

� ksvs�1	�r � rc� � �A�2�0f� f2�vs
for s� 1; 2; . . . ; N (12b)

where 	�r � rc� is the delta function.
The corresponding boundary conditions are given by

us � vs � u0
s � v0s � 0; at r� 0 (13a)

u00
s � v00s � u000

s � v000s � 0; at r� L (13b)

The solutions for Eqs. (12a) and (12b) are assumed to be

us�r; t� �
Xm
i�1

ps
i �t��s

i �r� (14a)

vs�r; t� �
Xm
i�1

qs
i �t��s

i �r� (14b)

where ps
i �t� and qs

i �t� are coefficients to be determined and �s
i �r� are

comparison functions.
For reasons of simplicity, two nondimensional variables, �r� r=L

and �rc � rc=L, are introduced. This study employs the bending
modes of the pretwisted taper beam derived by Lee [27] to
approximate the comparison functions. By applying Galerkin’s
method, the equations of motion of the sth blade, i.e., Eqs. (12a) and
(12b), can then be approximated in matrix form as follows:

�m�s
�
�p

�q

�
s

� �k�s
�
p

q

�
s

� ks��s�1�
�
p

q

�
s�1

� �ks�1 � ks���s�
�
p

q

�
s

� ks�1��s�1�
�
p

q

�
s�1

� �2�0f� f2��d�s
�
p

q

�
s

(15)

where the matrices are of the form

�m�s � �m�uu 0

0 �m�vv
� �

s

(16a)

�k�s � �ke�uu � �k��uu �ke�uv
�ke�uv �ke�vv � �k��vv

� �
s

(16b)

�d�s � 0 0

0 �d�vv
� �

s

(16c)

where the matrices �m�s, �k�s, and �d�s are the mass, stiffness, and
perturbationmatrices, respectively. It is noted that in the present case,
the disturbance component matrix �d�vv is identical to the component
mass matrix �m�vv. The superscripts uu and vv denote components
related to the rotational direction and out-off plane direction,
respectively, while the superscript uv denotes components which are
introduced by the coupling effect. In the stiffness matrices, the
superscripts e and� relate to the elastic deformation and rotational
speed, respectively.

For convenience, the same comparison functions are employed for
all blades having no cracks. The matrices ��s�1�, ��s�, and ��s�1� are
identical for all noncracked blades, and are expressed as

��s�1� � ��s� � ��s�1� � ��� (17)

and

��� � 0 0

0 f�gsf�gTs

� �����
�r� �r

(18)

with

��� �r��s � ��s
1� �r�; �s

2� �r�; . . . ; �s
m� �r��T

B. Blades with Crack

Anumber of studies [28–30] have explored the effects of cracks on
the dynamic and static behaviors of structures. Some investigations
[31,32] have considered the effects of cracks in rotating machinery.
Under the conditions when a crack is located at �r� �r� of the �th
blade, the cracked shrouded bladed disk assembly can be regarded as
a mistuned periodical system. In addition to the strain energy
introduced by the bending moment, rotational speed, and shroud
deformation, the total strain energy of the �th defective blade also
includes a released energy componentUc

� caused by the presence of a
crack. Hence,

U� �Ue
� �U�

� � Uk
� �Uc

� (19)

where Uc
� is the released energy introduced from mode I loading.

According to the investigations of Dimarogonas et al. [33,34], the
released energy of a crack can be approximated as

Uc
� � b0�1 � � �r��

Z
a

0

�1 � �2�
E

K2
I da (20)

where a and� are the depth of the crack and the Poisson’s ratio of the
blade, respectively, and KI is a stress intensity factor, which can be
estimated from the equation proposed by Tada et al. [30], i.e.,

KI �
6pb

t20b0�1 � � �r���1 � � �r��2
������������������������������

 ��t0�1� � �r��

p
FI� ��� (21)

where the variables for a near root crack can be approximated as

pb � EIxxv
00
� j�r� �r� and �� � a

t0�1� � �r�� (22)

FI� ��� �
��������������������������
2


 ��
tan

�

 ��

2

�s
0:923� 0:199�1� sin�
�=2��4

cos�
�=2� (23)

Equation (20) can be modified to the following form:

Uc
� � 3E�1 � �2�t0�1� � �r��

Z
1

0

IxxQ� ����v00� �2	� �r � �r�� d�r (24)

and

Q� ��� �
Z

��

0


 ��F2
I � ��� d �� (25)

Similarly, the equation of motion of the �th cracked blade can be
rewritten in matrix form as

�m��
�
�p

�q

�
�

� �k��
�
p

q

�
�

� k�����1�
�
p

q

�
��1

��k��1 � k������
�
p

q

�
�

� k��1����1�
�
p

q

�
��1

��2�0f� f2��d��
�
p

q

�
�

(26)

where

�k�� � �ke�uu � �k��uu �ke�uv
�ke�uv �ke�vv � �k��vv � �kcv�

� �
�

(27)
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The stiffness matrix �kcv� introduced by the crack is given by

kcvij � 6
EIxx
L4

�1 � �2�
�
t0
L

�
�1� � �r��Q� �����00

i � �r��00
j � �r�� �r� �r� (28)

C. Equation of Motion of Bladed Disk Assembly

The equation of motion of the complete rotating bladed disk
assembly can be grouped as

�M�f �Xg � �K�fXg � �2�0f� f2��D�fXg (29)

The system stiffness matrix �K� is given by

�K� �

���1 �k2��� 0 : 0 0 �k1���
�k2��� ���2 �k3��� : 0 0 0

0 �k3��� ���3 : 0 0 0

: : : : : : :
0 0 0 : ���N�2 �kN�1��� 0

0 0 0 : �kN�1��� ���N�1 �kN ���
�k1��� 0 0 : 0 �kN ��� ���N

2
666666664

3
777777775

(30)

fXg �
��

p

q

�
T

1

;

�
p

q

�
T

2

; . . . ;

�
p

q

�
T

N�1
;

�
p

q

�
T

N

�
T

(31)

and

���s � �k�s � ks�1��� � ks��� for s� 1; 2; 3; . . . ; N (32)

The cyclic arrangement of the N blades of the bladed disk
assembly implies that�

p

q

�
N�1

�
�
p

q

�
1

and k1 � kN�1 (33)

III. Analysis of Cracked Bladed Disk Assembly

Let ��� be the normalized modal matrix of the corresponding
eigenvalue problem of Eq. (29). Hence,

���T �M���� � �I� �
1 0 0 	 	 	 0

0 1 0 	 	 	 0

..

. . .
. ..

.

0 0 0 1

2
664

3
775 (34)

and

���T �K���� � �A� �
!2
1 0 0 	 	 	 0

0 !2
2 0 	 	 	 0

..

. . .
. ..

.

0 0 0 !2
N

2
6664

3
7775 (35)

where !2
1; !

2
2; . . . ; !

2
N are the eigenvalues of the cracked bladed disk

assembly.
From the expansion theorem, the response can be approximated as

fXg � ���fug (36)

Equation (29) can then be rewritten as

�I�f �ug � �A�fug � �
�

f

�0

� f2

2�2
0

�
�D��fug (37)

where

�D�� � �2�2
0���T �D���� (38)

Let the rotational speed be perturbed by a very small periodic
excitation f�t�, which can be represented by a Fourier series of
harmonic components as

f�t� �
XQ
j��Q

Fje
i!jt (39)

where !j is the jth harmonic frequency.
Substituting Eq. (39) into Eq. (37), the dynamic equation of the

cracked blade assembly can be rewritten as

�I�f �ug � �A�fug � �"
�
�f� "

2
�f2

�
�D��fug (40)

with

"� jFMj
�0

and �f�t� � f�t�
jFMj

where " is the relative disturbance order and jFMj is the maximum
magnitude of components Fj for j� 1; 2; . . . ; Q.

Under the current assumption that the magnitude of the speed
variation f�t� is very small, the ratio " is less than one. Equation (40)
represents a set of N uncoupled differential equations of the type

�un � !2
nun ��"

�
�f� "

2
�f2

�XN
m�1

d�nmum

for n� 1; 2; 3; . . . ; N (41)

where d�nm is the element of matrix �D��.
Using the multiple scales method, a series of new independent

variables are introduced, namely T� � "�t for ��� 0; 1; 2; . . .�. It
follows that the derivatives with respect to t are given by:

d

dt
� dT0

dt

@

@T0

� dT1

dt

@

@T1

� 	 	 	 �D0 � "D1 � 	 	 	 (42)

d2

dt2
�D2

0 � 2"D0D1 � "2�D2
1 � 2D0D2� � 	 	 	 (43)

The solution of Eq. (41) can then be represented by an expansion
form, i.e.,

un�t; "� � un0�T0;T1; T2; . . .� � "1un1�T0;T1; T2; . . .� (44)

Substituting Eqs. (42–44) into Eq. (41), and collecting terms in
powers of "0; "1; "2; . . . ; yields the following equations:

order "0 D2
0un0 � !2

nun0 � 0 (45a)

order "1 D2
0un1 � !2

nun1 ��2D0D1un0 � �f
XN
r�1

d�nrur0 (45b)

Because of the complexity of the equations of motion and the
marginal difference between the first and second order ap-
proximation results [19,20], this study chooses not to perform the
second order expansion. Based on the first order approximation
solution, the general solution of Eq. (45a) can be written as

un0 � An�T1; T2� exp�i!nT0� � c:c: (46)
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where An�T1; T2� is an unknown complex function.
For simplicity, the periodic speed perturbation is assumed to have

the form

�f�
XQ
j�1

F̂j e
i!jt � c:c: (47)

Substituting the general solution of Eq. (46) into Eq. (45b) yields

D2
0un1 � !2

nun1 ��2i!n�D1An�ei!nT0

�
XQ
j�1

F̂j

XN
r�1

d�nrfAre
i�!r�!j �T0 � �Are

i�!r�!j �T0g � c:c: (48)

where �Ar denotes the complex conjugate of Ar.
The complex coefficientAn is to be determined in such a way as to

eliminate the problematic terms from un1. The choice depends upon
the particular resonant combinations of the frequencies. This study
considers four cases [17,19].

A. When !j is Located away from Frequencies (!p �!q)

As noted, the existence of the term�2i �!n�D1An�ei �!nT0 in Eq. (48)
may cause difficulties when attempting to establish the particular
solutions. The problematic terms are eliminated if

An � An�T2� therefore D1An � 0 (49)

The particular solution un1 can then be solved as

un1 �
XQ
j�1

F̂j

XN
r�1

d�nrAr

�
exp�i�!r � !j�T0�
�!r � !j�2 � !2

n

� exp�i�!j � !r�T0�
�!j � !r�2 � !2

n

�

� c:c: (50)

This solution reveals that the shrouded bladed disk assembly
remains stable in this particular case.

B. When !j ! �!p �!q�
In this so-called combination resonance of the summed type case,

it is assumed that

�! j � �!p � �!q � "� (51)

where � is the detuning parameter.
Hence,

� �!j � �!q�T0 � �!pT0 � �T1 (52a)

� �!j � �!p�T0 � �!qT0 � �T1 (52b)

Substituting Eqs. (52a) and (52b) into Eq. (48), it leads to

Ap � ap exp��i�T1� (53a)

Aq � aq exp�i� ��� ��T1� (53b)

where ap and aq are complex functions of T2 and
�� is the complex

conjugate of �.
Equations (48), (53a), and (53b) can be used to locate the stability

boundaries, which are defined by the imaginary part of � . The
shrouded bladed disk assembly is stablewhen the imaginary part of�
is negative, but an unstable flutter occurs when the imaginary part of
� is positive. The solutions, i.e., Ap and Aq, are bounded when the
system is stable. The transition curves between the stable and
unstable zones can be derived as

!j � !p � !q 
 "

����������������������XQ
j�1

F̂2
j�pq

vuut (54)

where �pq � �d�
pqd

�
qp�=�!p!q�.

When p� q, the preceding equation is reduced to the Mathieu
equation.

!j � 2!p 
 "
XQ
j�1

F̂j

d�
pp

!p

(55)

C. When !j ! �!p �!q�
As mentioned in the preceding case, the transition curves of

resonant combinations are given by

!j � !p � !q 
 "

���������������������������
�
XQ
j�1

F̂2
j�pq

vuut (56)

However, this case occurs only when d�
pq and d

�
qp have opposing

mathematical signs.

D. When !j ! �!p �!q� and �!q �!s�
In a special case, the perturbation frequency !j approaches the

resonant combinations!p � !q and!q � !s simultaneously. In this
situation, the transition curves are amended by changing the
relationship of the detuning parameter to

�! j � �!p � �!q � "�1 (57a)

�! j � �!q � �!s � "�2 (57b)

Substituting Eqs. (57a) and (57b) into Eq. (48) and setting n�
p� q� s yields the following nontrivial solutions:

Aq � aq exp�i�T2� (58a)

As � as exp�i� ��� �2�T2� (58b)

Ap � ap exp�i� ��� �1�T2� (58c)

From Eqs. (58a–58c) and (48), the stability boundary equations of
the system can be derived as

�3 � ��1 � �2��2 �
�
�1�2 �

1

4
��qs ��pq�

XQ
j�1

F̂2
j

�
�

� 1

4
��1�qs � �2�pq�

XQ
j�1

F̂2
j � 0 (59)

where

�1 �
!j � !p � !q

"
and �2 �

!j � !p � !s

"

Equation (59) is a cubic equation for � and has closed-form
solutions. The transition curves can be determined using the value of
!j for which � has two real roots.

IV. Numerical Results and Discussion

Some studies [35,36] focus on the dynamic characteristics in
blade-shaft system. However, in the present simulations, the bladed
disk assembly was considered to consist of 46 pretwisted taper
beams attached to a rigid hub, as shown in Fig. 1a. A shroud spring
ks was attached between the tips of neighboring blades. The blades
were specified with the following nondimensional parame-
ters: �Rh=L� � 0:2, �bo=L� � 0:1, �t0=L� � 0:02, �� �� 0:25,
�� 45�, and �r� � 0. For convenience, a number of nondimensional
parameters were also adopted, i.e., �!� !=!0, �!n � !n=!0,
��0 ��0=!0, and �ks � �12ksL3�=Eb0t

3
0, where !n is the natural

frequency of the shrouded bladed assembly and !0 is a reference
frequency defined as!0 � 0:01

��������������
E=�L2

p
. As a crack propagates on a
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blade, it introduces the so-called modal localization phenomenon
throughout the entire bladed disk assembly. The amplitudes of the
individual defective blades in turn are significantly excited at the
localization frequency, i.e., the lowest natural frequency. This study
investigates the stability variations introduced by a near root local
crack. For simplicity, the study considers the case of a single crack
located at the root of the 23rd blade. The stability effects of the crack
depth, a, shroud stiffness, ks, and rotational speed of the blade, �0,
are studied.

Before considering the dynamic instability of the cracked bladed
disk assembly, it is appropriate to illustrate the characteristics of this
system. Figures 2a and 2b present the blade tip displacement patterns
of the shrouded bladed disk assembly at the local frequency with and
without a local crack, respectively. It is noted that the figures show
the blade tip amplitude distributions in both the rotational and out-off
rotational planes. As shown in Fig. 2a, a uniform blade tip amplitude
distribution occurs when there are no cracks within the bladed disk
assembly. However, fromFig. 2b, it can be seen that the presence of a
crack near the root of the 23rd blade induces a severe vibration effect
in the neighboring blades. Figure 2b illustrates the so-called mode
localization phenomenon, which occurs in a periodic structural
system with a local defect. Figures 3a and 3b indicate the frequency
response at the tip of the 23rd blade for the bladed disk assemblywith
and without a local crack, respectively. In the disk assembly with no
blade cracks, the frequencies of all 46 blades in the periodic system
are equal, i.e., �!1 � �!2 � 	 	 	 � �!46 � 2:492 and hence, a single
peak is noted in the frequency response at �!1 � 2:492. Conversely,

Fig. 3b reveals a more complicated frequency spectrum for the
system with a single local crack. The results indicate that the lowest
frequency, i.e., the localization frequency, reduces from �!1 � 2:492
to �!1 � 2:424. Multiple peaks are observed near this localization
frequency. It is clear that the presence of a local crack in the periodic
blade assembly has a significant influence on the dynamic
characteristics of the system. To determine the stability of a rotating
cracked bladed disk assembly, a simplified harmonic perturbation
speed of f�t� � 2 cos!t is imposed on the steady rotational speed of
�0. Figure 4a presents the distribution of the unstable bands of a
cracked bladed disk assembly as predicted from the stability analysis
described above. The first unstable band is composed of a series of
unstable zones near the resonance frequencies (2 �!1 � 2 �!46), as
shown in Fig. 4b. The presence of a local crack changes the lowest
natural frequencies of all 46 blades in the bladed disk assembly from
a uniform value of �!1 � �!2 � 	 	 	 � �!46 � 2:492 to a cluster of
distributed resonance frequencies in the range of �!1 � 2:333 to
�!46 � 2:370. As shown in Fig. 3b, the modal localization
phenomenon introduced by a local crack changes the dynamic
characteristics near the localization frequency. This variation in the
dynamic characteristics changes the distribution of the unstable
zones near the resonant frequencies, as shown in Fig. 4a. The stability
analysis of the cracked bladed disk assembly also reveals the
presence of a series of small stable regions near the resonant
frequencies (2 �!1 � 2 �!46), as shown in Fig. 4b. However, these very
small stable regions distributed in the frequency band (2 �!1 � 2 �!46)
have negligible impact upon the system. The unstable zones related
to resonant frequencies �2 �!1; 2 �!2; . . . ; 2 �!46�, are located so close to
each other that they can barely be separated.

Figures 5a and 5b demonstrate the influence of the crack depth
upon the variations in the transition curves. The results indicate that
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the unstable zone near 2 �!1 is shifted to the left as the depth of the
crack in the 23rd blade is increased from �� � 0:01 to �� � 0:1. As
noted byKuang andHuang [13], increasing the crack depth enhances
the modal localization phenomenon and reduces the localization
frequency 2 �!1. As shown in Fig. 5b, the current localization
frequency shift from 2 �!1 � 4:669 to 2 �!1 � 4:656 enlarges the
unstable band.

The rotational speed of the blades ��0 also affects the unstable
bands, as shown in Figs. 6a and 6b. The additional stiffness
introduced by the centrifugal force increases the natural frequencies.
It can be observed that the first unstable band is enlarged and shifted
toward a higher frequency of 2 �!1 � 4:8507 as the rotational speed is
increased to ��0 � 1:0. Previous researchers [5,6] have reported that
the degree of localization depends significantly upon the magnitude
of the disorder and the modal coupling effect. The modal coupling
effect in the current periodic bladed disk assembly is dominated by
the spring constant of the shroud �ks. For a mistuned system, strong
localization occurs in a weakly coupled system [37]. The effect of
shroud stiffness on the stability of the present bladed disk assembly is
shown in Figs. 7a and 7b. It is observed that the unstable bands are
significantly enlarged as the coupling stiffness is increased from
�ks � 0:02 to �ks � 0:1.

V. Conclusions

The present study has demonstrated that the stability of a rotating
periodic shrouded bladed disk assembly is sensitive to the presence
of local blade cracks. In general, the modal localization phenomenon
caused by the local crack defect does not only change the dynamic
responses of the system at the lowest natural frequency, but also
influences the unstable band significantly. The major conclusions to
be drawn from the present analysis and discussions are summarized
as follows:

1) The present stability analysis indicates that the localization
effect generates a series of closely spaced unstable zones. These
instability zones enlarge as the interblade coupling stiffness is
increased. Although higher shroud stiffness between adjacent blades
may reduce the mode localization phenomenon, it enlarges the
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instability region and hence, destabilizes the cracked disk assembly
system.

2) The depth of the local crack has a fundamental effect on the
stability of a rotating mistuned bladed disk assembly. The present
results indicate that the first unstable zone is enlarged as the depth of
the crack is increased.

3) The results show that the rotational speed of a cracked bladed
disk assembly has a significant influence on its instability behavior.
Specifically, a higher rotation speed shifts the unstable zone toward a
higher frequency region.
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